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A geometrical compensation design method in a (100) single crystal silicon (SCS) vibratory ring gyroscope (VRG) has been proposed in order to
decrease frequency splits (Δf ) caused by anisotropic in-plane Young’s modulus (E) of (100) SCS and realize mode-matching in VRG. The radial
width as a function of the E was varied to equalize the effective bending stiffness along the different crystal directions. The finite element analysis
(FEA) simulation verified that the Δf decreased from 260 Hz to 145 Hz after compensation. By optimizing suspending beam dimensions, the
simulated Δf further decreased to 9 Hz. Both uncompensated and compensated resonators of 1-mm diameter were fabricated using a silicon-on
insulator (SOI) wafer of a 22-μm-thick device layer. The fabricated devices showed large Δf because of fabrication error, which is adjusted by
electrostatic tuning. After the electrostatic tuning, the measured minimum frequency splits for the compensated and uncompensated VRGs were
about 54 Hz and 166 Hz, respectively. The small measured Δf after the electrostatic tuning indicates that the proposed geometrical compensation
is effective in eliminating frequency split caused by anisotropy in elastic constants. © 2019 The Japan Society of Applied Physics

1. Introduction

Vibratory gyroscopes are inertial sensors that measure the
angle or rate of rotation about a certain axis based on the
Coriolis Effect. The micro electro mechanical system
(MEMS) has realized small-size and high-performance gyro-
scopes with low cost.1–3) Compared to other types of
vibratory gyroscopes, the vibratory ring gyroscope has
some important features and advantages such as high-
resolution, low zero-rate output and long-term stability, due
to its balanced symmetrical structure.5) For a MEMS
vibratory ring gyroscope (VRG), the ring is electrostatically
oscillated into a primary “wine-glass” mode (drive mode).
When the device is subjected to rotation, the Coriolis force
develops and transfers the energy from the excited primary
mode to the secondary “wineglass” mode (sense mode),
which is located 45° away from the primary mode, causing
amplitude to build up proportionally in the secondary mode.4)

The amplitude of the secondary mode is capacitively sensed
by a series of electrodes around the ring. When the resonant
frequencies of its drive and sense modes are closed or equal,
known as mode-matching, the mechanical output of a VRG,
which means the amplitude of secondary mode, is max-
imized, then it is possible to achieve higher sensitivity.
Moreover, in order to achieve high performance for naviga-
tion-grade and north-finding applications, it is desired to
operate with a perfectly mode-matched condition.3)

Since silicon (Si) is the most abundant material on earth,
single crystal silicon (SCS) is the most widely used substrate
material for MEMS production and an ideal commercialized
material for vibratory ring gyroscopes. Unfortunately, the
anisotropic in-plane Young’s modulus (E) of (100) SCS
wafer, which is the most commonly used oriented silicon,
causes inherent resonant frequency splits (Δf ) and mis-
matching between the drive and sense modes of a VRG.6)

One of the conventional method to mitigate the frequency
splits problem is fabricating gyroscopes using isotropic
materials, such as polysilicon,7–9) (111) single crystal
silicon10–12) and fused silica.13–15) Reference 8 fabricated a
polysilicon vibratory ring gyroscope using a p++/polysilicon
trench-refill technology with polysilicon deposited over a

sacrificial LPCVD oxide layer, which might cause an un-
uniform ring-to-electrode gap.19,20) Reference 11 reported a
(111) SOI disk gyroscope fabricated by a high aspect-ratio
poly and single crystal silicon (HARPSS) process which
needs to ensure the sidewall profile of the deposited
sacrificial LPCVD oxide layer. And at least four masks
were needed to finish the above process flow, which might
cause serious alignment errors. Reference 13 presented a
fused-silica micro-scale shell gyroscope fabricated using a 3-
D micrometer-blow-torching process, which is challenging
due to the difficulties in achieving the small surface rough-
ness and the electrode substrate and resonator assembly. As
we can see, compared to (100) SCS, the process flow for
isotropic materials is more complicated and requires more
precise control, which is not suitable for batch fabrication of
low-cost and high-performance vibratory ring gyroscopes at
present.20–23)

In this paper, we chose the (100) single crystal silicon for
the fabrication of a low-cost and high-performance vibratory
ring gyroscope. And in order to reduce the inherent resonant
frequency splits (Δf ) caused by anisotropic in-plane Young’s
modulus (E) and realize mode-matching, we proposed a
geometrical compensation design with non-uniform radial
width and optimized dimensions of suspending beams. Then
we characterized and verified it using finite element analysis
(FEA) simulation and experiments. Moreover, the electro-
static tuning was applied to further eliminate remnant Δf
because of fabrication error and to realize the perfect mode-
matching.

2. Experimental methods

2.1. Geometrical compensation design
The designed (100) SCS VRG consists of a ring connected to
a center anchor through eight suspending beams as shown in
Fig. 1, resulting in a planar resonating structure that has a
degenerate pair of in-plane “wine-glass” vibration modes
(drive and sense modes). Important design parameters are
listed in Table I.
For a vibratory ring gyroscope, we deduced effective

bending stiffness (k) of a ring structure with a rectangular
cross section along the circumference which is proportional
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to the in-plane Young’s modulus (E) and the moment of
inertia (I), expressed as Eq. (1).
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In order to have the uniform effective bending stiffness (k),
we varied the radial width (w) of VRG by taking account of
the in-plane Young’s modulus (E) value as a function of the
angle θ6,25) as shown in Fig. 1, expressed as Eq. (2) which we
defined as method A. The subscript indicates quantities at
〈100〉 crystal direction (θ= 45°).
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Then considering the proof mass (m) effect on resonant
frequency ( f k m1 2 ,p= / / m wµ ), the radial width (w)
along the crystal direction expressed as Eq. (3) which we
defined as method B,
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According to the Eq. (2) and Eq. (3), the values of radial
width along (w) different crystal directions is calculated
continuously. In our design, the radial width along the
〈100〉 crystal direction is fixed to be 8 μm, and that along
the 〈110〉 crystal direction is 7.34 μm and 7.02 μm based on
the compensation method A and B, respectively. And the
radial width was varied continuously in accordance with the
varying angle θ so that the effective bending stiffness (k) is
uniform along the circumference to achieve the mode-
matching. Besides, for the operation of a MEMS VRG, eight
circumferential electrodes were arranged. Among them, there
are two sets of driving and sensing electrodes (DA&S ,A DA&SB

), which are aligned to modes A and B, respectively, as
shown in Fig. 1.
2.2. FEA simulation & optimization
FEA simulation by Coventorware was used to verify the
proposed geometrical compensation methods. As shown in
Table II., the frequency splits (Δf ) of the compensated VRG
(w〈100〉=8 μm) were 145 Hz and 160 Hz with the method A
and B, respectively, which were both smaller than that of the
uncompensated VRG (uniform radial width of 8 μm),
260 Hz. The FEA simulation characterized that the geome-
trical compensation with non-uniform radial width indeed
effectively reduced the Δf, but there was still a gap with the
theoretical value and the perfect mode-matching was not
observed yet. This might be due to the fact that the influence
of the suspending beams was not considered in the present
geometrical compensation designs. In FEA simulation, we
observed other vibration modes of a VRG corresponding to
different resonant frequencies, other than “wine-glass”
modes. Among them, the resonant frequency of the transla-
tion mode is about 5 kHz while that of a “wine-glass” mode
is about 10 kHz, so that based on the simple relation between
stiffness and resonant frequency, the estimated ratio between
the suspending beams stiffness (kbeams) and ring stiffness
(kring) is about 1/4 (kbeams/kring≈ 1/4). That means that the
suspending beam influence on resonant frequencies of “wine-
glass” modes should be taken into account. Besides, it is
noted that the Δf with the compensation method A is slightly
smaller than that with method B, which might also be caused
by the ignored mass of suspending beams in method B.
As shown in Fig. 2, using FEA simulations, we parame-

trically analyzed the dimensions of suspending beams by the
four defined parameters, including the deflection angle of the
connecting position from the 〈110〉 crystal direction (θ) as the
same as that in Sect. 2.1, the extent angle (α2), the inner

Fig. 1. (Color online) Schematic drawing of the vibratory ring gyroscope
and configured electrodes.

Table I. Device design parameters.

Parameter Value

Outer ring center radius (r) 1000 μm
Maximum width(w〈100〉) 8.0 μm
Suspending beam center radius (rb) 900 μm
Suspending beam width 5 μm
Thickness(t) 22 μm
Gap between ring and electrodes (Gapr) 4 μm
Gap between electrodes(Gape) 5 μm
Extent of electrodes(α) 29.86°
Number of suspending beams 8

Table II. FEA simulation results of compensated and uncompensated VRGs.

Type 1st Elliptical mode 2nd Elliptical mode Frequency split fD

Gyro with uniform radial width (w = 8 μm) 9757 Hz 10017 Hz 260 Hz
Gyro with compensation method A 9630 Hz 9775 Hz 145 Hz
Gyro with compensation method B 9702 Hz 9862 Hz 160 Hz
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radius of arc-part (rb) and the beam width (wb). The FEA
simulation results indicated that the minimal Δf of 9 Hz was
obtained with θ of anticlockwise 6°, α2 of 44°, rb of 899 μm
and wb of 5 μm, which nearly approached the mode-
matching. And it is also found that the deflection angle (θ)
has the most significant influence on Δf among the four
defined parameters. We have designed and planned to
fabricate (Sect. 2.3) three types of gyroscopes, including
uncompensated, compensated and optimized VRGs referring
to FEA simulation results.
2.3. Fabrication
The process flow is shown in Fig. 3. The ring and suspending
beams were patterned using ultraviolet (UV) lithography
(Mask aligner, MA6 BSA, SUSS MicroTec) and deep
reactive-ion etching (DRIE) (RIE-800iPB-KU, Samco) on a
(100) silicon-on insulator (SOI) wafer of a 22-μm-thick
device layer. After photoresist removal, the 7-μm-thick
negative photoresist (PMER P-WG300, Tokyo Ohka
Kogyo) was spin-coated and electrode pads were patterned
by UV lithography (Mask aligner, PEM-800, Union Optical).
Then the aluminum layer of 200 nm thickness was deposited

by electron beam deposition (EB1200, Canon). And the lift
off process with n-methyl-2-pyrrolidone (NMP) was used to
pattern the aluminum electrode pads. Finally, the 2-μm-thick
sacrificial layer was etched by vapor hydrofluoric acid (MLT-
SLE-0x, Sumitomo Precision Products) and the structures of
ring and suspending beams were released. A fabricated
device chip is shown in Fig. 3.
2.4. Frequency response & electrostatic tuning test
To confirm the proposed geometrical compensation method
on the fabricated VRGs, the resonant frequencies of two
“wine-glass” vibration modes and their Δf were measured
through the frequency response test. Figure 4 shows the
experimental setup for the frequency response test using a
lock-in amplifier (HF2-LI, Zurich Instruments). Two sets of
electrodes for driving and sensing are aligned to the two
“wineglass” vibration modes, which are 45° apart. Charge
amplifiers were used to detect the output capacitance signals
and provide bias voltage (+5 V) in the four sensing
electrodes.25,26) And differential amplifiers were used be-
tween the two sensing electrodes to eliminate the parasitic
capacitance which is an unavoidable and usually unwanted
capacitance that exists between the parts of an electronic
component or circuit simply because of their proximity to
each other.27,28) A bias voltage of +5 V was applied in two
temporary unused electrodes to balance bias voltage on the
six driving and sensing electrodes.
When the mode-matching is not realized because of

fabrication imperfection, the additional tuning method is
used to compensate the imperfections. For the vibratory
ring gyroscope, electrostatic tuning has an attractive feature
because of its symmetric vibration structures4) and tuning
voltages can be directly applied in unused electrodes with no
additional equipment or process required. In a mismatched
vibratory ring gyroscope, the resonant frequency of two
“wine-glass” modes is not equal, so the stiffness of two
“wine-glass” modes is not equal too. When the tuning
voltage is applied, due to the electrostatic stiffness softening
effect, the larger stiffness among the two modes reduces and
matches to the other one so that the mode-matching is
realized.29,30) Theoretically, any frequency mismatching
between the drive and sense modes that occurs during the
fabrication process is electrostatically compensated using the
electrostatic tuning.4,7) The tuning was accomplished by

Fig. 2. (Color online) Parametric analysis of the influence of suspending
beams dimensions on Δf.

Fig. 3. (Color online) Process flow and SEM image of a fabricated device chip.
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applying DC voltages to two pairs of bias voltage (+5 V)
electrodes in Fig. 4. The tuning electrode (red color in Fig. 4)
aligned to mode A is used to tune the stiffness of mode A
when the resonant frequency of mode A is larger than that of
mode B. In the opposite case, the tuning voltage electrode
(black color in Fig. 4) aligned to mode B is used to tune the
stiffness of mode B.

3. Results and discussion

3.1. Resonant frequencies and frequency split
The frequency response results of the three types of VRGs
were shown in Fig. 5. Among them, the Δf of an uncompen-
sated VRG, 189 Hz, is the largest while that of an optimized
VRG, 126 Hz, is the smallest. We tested over 10 samples of
each type and high consistency was observed with standard
deviation (σ) of 7.8, 6.1 and 8.3, respectively. It was
observed that the measured resonant frequencies of the three
types were all smaller than the FEA simulated ones. For
example, for an uncompensated VRG, the resonant frequency
of the 2nd “wine-glass” mode is 10017 Hz in the FEA
simulation, while the measured value is 9056 Hz decreased
by nearly 1 kHz. That might be caused by the bias voltage
(+5 V) applied in each operational electrode, which will
produce an electrostatic stiffness softening effect to reduce
the stiffness of two “wine-glass” modes.31) According to
reference,32) the electrostatic stiffness (ke) can be represented
as Eq. (4).
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V is the bias or tuning voltage applied between the tuning
electrodes and the resonator. The other parameters were listed

in Table I. So the estimated electrostatic stiffness with +5 V
bias voltage applied is about 2.3 Nm−1. And in the FEA
simulation, the stiffness of mode A is about 12.6 N m−1

based on the equation, f k m1 2 .p= / / So the estimated
resonant frequency reduction of mode A is about 960 Hz,
which agrees with the experimental result. Besides, the
measured quality factor (Q) of the as-fabricated VRG was
about 1k under the vacuum level of about 5 Pa.
3.2. Fabrication imperfection
For frequency splits (Δf ), the differences between the FEA
simulation and experiments were caused by the fabrication
imperfection. For the tested compensated VRG, if we just
consider the fabrication error on radial width ( wD ) and
assume that it is uniform along the circumference, based on
Eq. (1), the estimated fabrication error on the radial width (
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Besides, it is noticed that compared to uncompensated and
compensated VRGs, the Δf of an optimized VRG is much
larger than the FEA simulation value of 9 Hz.
3.3. Electrostatic tuning
In our frequency response test as shown in Fig. 5, it was
observed that the resonant frequency of mode A is higher
than that of mode B. Then we applied the DC tuning voltages
in the electrode aligned to mode A (red color in Fig. 4), so the
frequency split reduces and the mode-matching is realized
theoretically. As shown in Fig. 6, we observed that the
resonant frequency of mode A reduced with increasing the
tuning voltages to +6 V, while that of mode B was almost
constant. That means due to the electrostatic stiffness soft-
ening effect, the Δf between mode A and mode B decreased
with increasing the applied tuning voltage in mode A. Then
as the tuning voltage further increased to +7 V, we found the
corresponded minimal Δf is 54 Hz, but the theoretical mode-
matching was not obtained yet and the crossing point
virtually shown in Fig. 6 was not observed. Lastly, with
the over +8 V, both of the resonant frequencies decreased

Fig. 4. (Color online) Schematic diagram of experimental setup for
frequency response.

Fig. 5. (Color online) Frequency response of uncompensated, compen-
sated and optimized VRGs. The dashed and solid line represent driving and
sensing mode A and mode B, respectively.

Fig. 6. (Color online) Δf and resonant frequencies shift in compensated
VRG with the increasing tuning voltages.
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and the Δf between mode A and mode B was further
increased.
As shown in Fig. 7, we compared the electrostatic tuning

results and the changes of Δf in the compensated and
uncompensated VRGs. The tested samples are same with
those measured in the previous section. With tuning voltages
increased, for the uncompensated VRG, the effect of electro-
static tuning on Δf changes is more insignificant than the
compensated VRG. For the compensated VRG, the minimal
Δf is about 54 Hz at +7 V tuning voltage, while that of the
uncompensated VRG is as large as 166 Hz at +5 V tuning
voltage. That is, the anisotropic stiffness of an uncompen-
sated VRG fabricated in (100) SCS is not able to be
completely compensated by simple single-axis electrostatic
tuning, which proves the validity of geometrical compensa-
tion design.
3.4. Modes rotating
The residual Δf after the present electrostatic tuning is
thought to be caused by the rotated modes while the position
of the tuning electrode was fixed and sense electrodes were
aligned to mode A and mode B.31) Before the electrostatic
tuning voltages applied, the vibration principal axes of mode
A and mode B were aligned to the crystal direction 〈110〉 and
〈100〉, respectively, as shown in Fig. 1. Initially, the applied
tuning voltage in the bias voltage electrode (red color in
Fig. 4) generated the significant effect of electrostatic soft-
ening stiffness aligned to the principal axis of mode A.
Meanwhile, the effect of the electrostatic softening stiffness
act on mode B is not significant due to it being out of
alignment with its vibration principal axis. Then with the
tuning voltage increased, the principal axes of mode A and
mode B both rotated gradually, but the apart angle of 45°
remained. When the tuning voltage was increased to +7 V,
the principal axis of mode A rotated to θ of nearly 22.5°,
while the principal axis of mode B rotated to θ of 67.5°. In
that situation, the non-equivalent electrostatic softening
stiffness effect on the stiffness of modes A and B caused
the minimal Δf of 54 Hz for the compensated VRG. With the
tuning voltage further increased, the effect of electrostatic
softening stiffness on the modes reversed so that the Δf kept
increasing. As shown in the Fig. 8, the amplitude of mode A
is larger than that of mode B at +6 V tuning voltage applied

in mode A. When the tuning voltage is +7 V, the amplitude
of mode A and mode B were comparable, which meant the
mode rotated to θ of 22.5°. Then the amplitude of mode B
exceeded that of mode A at +8 V tuning voltage. That is to
say, the electrostatic tuning results demonstrated that the
single tuning electrode is difficult to tune the mismatching of
resonant frequencies due to the modes rotating. The multi-
electrode tuning and crossing-tuning might be possible to
solve the problem. In our next step, according to the Ref. 4,
multi-electrodes will be applied to accomplish electrostatic
tuning with four tuning electrodes inserted in ±22.5°, 0° (TA)
and −45° (TB), respectively.
In general, based on the simulation and experimental

results, after compensated with a non-uniform ring width,
the simulated Δf was reduced from 260 Hz to 145 Hz. That
means the decreased Δf of 115 Hz was mainly caused by the
anisotropic in-plane Young’s modulus in (100) single crystal
silicon. For the as-fabricated VRG with non-uniform ring
width and optimized suspending beams, Δf was 126 Hz,
compared to the simulated value of 9 Hz. That means the
increased Δf of 117 Hz was mainly caused by the fabrication
imperfection. And after the single-axis electrostatic tuning, Δf
of a compensated VRG was reduced from 145 Hz to 54 Hz.
The decreased Δf of 91 Hz means the limitation of the single-
axis electrostatic tuning. In future, more systematic research
on the sources of Δf and the corresponded method to reduce it
will be done through FEA simulation and experiments.

4. Conclusions

This paper presents the design, fabrication and testing of
vibratory ring gyroscopes with the proposed geometrical
compensation design in a (100) single crystal silicon. The
FEA simulation showed that the non-uniform radial width
design of (100) SCS VRG reduced Δf due to anisotropic in-
plane Young’s modulus from 260 Hz to 145 Hz. Then
considering the influence of suspending beams, the simulated
Δf was further narrowed to 9 Hz, which was nearly mode-
matched. The uncompensated, compensated and optimized
VRGs were fabricated on a (100) SOI wafer of a 22-μm-thick
device layer. In the frequency response test, the optimized
VRG showed the smallest Δf among three fabricated VRGs,
but due to the fabrication imperfection, the experimental Δf
was much larger than FEA simulation. The electrostatic
tuning test showed that the minimal Δf of the compensated

Fig. 7. (Color online) Δf in compensated and compensated VRGs with the
increasing tuning voltages.

Fig. 8. (Color online) Frequency response of DA&SA with increased tuning
voltage in mode A.
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and uncompensated VRGs were 54 Hz and 166 Hz with a
corresponded tuning voltage of +5 V and +7 V applied,
respectively. The Δf of the uncompensated VRG caused by
the anisotropic in-plane Young’s modulus was barely tuned
by electrostatic tuning, which proved the validity of the
geometrical compensation design method.
In future, the Δf of the optimized compensation VRG will

be reduced also through electrostatic tuning in order to realize
mode-matching. And the rotation rate will be applied to
measure the VRG’s open-loop and closed-loop output when
the two “wine-glass” modes matched.
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